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In order to calculate the effective mass of quasiparticles for a strongly correlated metallic system
in which the number of carriers, n, is less than that of atoms (or lattices), l, the metallic system
is averaged by one effective charge per atom over all atomic sites. The effective charge of carriers,
< e >= (n/l)e = ρe, and the on-site effective Coulomb repulsion, U = ρ2〈 e
2
r
〉 ≡ ρ2κUc, are defined
and justified by means of measurement. ρ is band filling and κ is the correlation strength. The effec-
tive mass, m
∗
m
= 1
1−κ2ρ4
, calculated by the Gutzwiller variational theory, is regarded as the average
of the true effective mass in the Brinkman-Rice (BR) picture and is the effect of measurement. The
true effective mass has the same value irrespective of ρ, and is not measured experimentally. The
true correlation strength of the BR picture is evaluated as 0.90 < κBR < 1 for Sr1−xLaxTiO3 and
0.92 < κBR < 1 for YBCO. High-Tc superconductivity for YBCO is attributed to the true effective
mass caused by the large κBR value. The effective mass explains the metal-insulator transition of
the first order on band filling. Furthermore, the pseudogap is predicted in this system.
I. INTRODUCTION
Ever since a correlation-driven metal-Mott-insulator
transition1 of the first order (called the ”Mott transi-
tion”) was predicted in 1949, the Mott transition has
never been completely solved. The Hubbard model2, one
of the theories explaining the Mott transition, showed
the second-order metal-insulator transition(MIT) by in-
creasing the on-site Coulomb repulsion U , whereas the
Brinkman-Rice (BR) picture3, based on Gutzwiller’s
variational theory4, explained the first-order transition at
U/Uc=1 for the first time. The infinite dimensional(d =
∞) Hubbard model suggested that the MIT occurs while
going from U/W to Uc/W , and that the metallic side ex-
hibits the BR picture.5 Here W is the band width. The
d = ∞ Hubbard model and the BR picture were built
on a metallic system with an electronic structure of one
electron per atom. However the metallic system which
Gutzwiller assumed is a general one without limiting the
number of electrons per atom . Furthermore, observa-
tions and current understanding of the MIT driven by
correlation effects were reviewed.6,7 Validity of the BR
picture and the Mott transition was also discussed by
theorists, which is because the BR picture has not been
proved experimentally.8,9
Experimentally, for the coefficient γ of the heat ca-
pacity of Sr1−xLaxTiO3 (SLTO) which is proportional
to the effective mass, the sharp first-order transition was
observed between x=0.95 and 1.10,11 This transition was
regarded as the Mott transition on band filling, which
could not be explained by the above mentioned Hub-
bard models and the BR picture. This is because the
structure of the metallic system of SLTO is not one elec-
tron per atom. Hence, when the number of carriers is
less than the number of atoms, the MIT of first-order on
band filling has remained a theoretical problem. In par-
ticular, the metallic property near the Mott transition is
still controversial.12−14 Furthermore the effective mass of
quasiparticles as a function of band filling is necessary to
take account of high Tc superconductivity.
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Recently, an insight on both the effective mass and the
Mott transition was proposed on the basis of U = ρ2〈 e
2
r
〉
and experimental data.16 However the justification of
U = ρ2〈 e
2
r
〉 and exact calculations for the effective mass
were not given. Thus the problem of the Mott transition
on band filling remains unanswered.
In this paper, when the number of carriers is less than
the number of atoms, the necessity of the development
of < e >= ρe is given by introducing the instability of
the charge-density-wave potential energy, and the justi-
fication of < e >= ρe and U = ρ2〈 e
2
r
〉 is given by means
of measurement. The effective mass of quasiparticles is
exactly calculated on the basis of the Gutzwiller varia-
tional theory. Furthermore, true correlation strengths of
the BR picture, not given in reference 16, are evaluated
for Sr1−xLaxTiO3 and YBCO.
II. EFFECTIVE FRACTIONAL COULOMB
ENERGY
A strongly correlated metallic system of the s band
structure is assumed for a d = ∞ dimensional simple-
cubic lattice. Let n and l be the number of electrons (or
carriers) and the number of atoms (or lattices), respec-
tively. In the case of one electron per atom, i.e., n = l,
the metallic system is a metal and the existence probabil-
ity (P = n/l = ρ= band filling) of electrons on nearest-
neighbor sites is one. The on-site Coulomb repulsion is
always given by U = U ′≡〈 e
2
r
〉 and an electron on an atom
has a spin, as shown in Fig. 1 (a). However, in the case of
n < l by doping an element to a base insulator or metal,
U is determined by probability. The metallic system is
quite complicated, as shown in Fig. 1 (b). Four types of
regions for the system can be distinguished as possible ex-
treme examples. Region A in Fig. 1 (b) has no electrons
1
on its atomic sites, which corresponds to a normal insu-
lator. Region C has the metallic structure of one electron
per atom. Regions B and D have a charge-density-wave
(CDW) structure unlike the assumed cubic. This must
be regarded as a CDW insulator with the CDW-energy
gap17 depending on the local CDW-potential energy.17,18
Moreover, even when one electron on an atom is removed
in Fig. 1 (a), both nearest-neighbor sites of the atom
without an electron and the atom itself also are regarded
as region B. The CDW-potential energy is defined by
VCDW = −Ep(Qi − Qj)
2, where Qi and Qj are charges
irrespective of spins on i and j sites, respectively. Ep
is the small-polaron binding energy which is a constant
of electron-phonon coupling. The potential energy is de-
rived by breathing-mode distortion (or frozen-breathing
mode) due to a charge disproportionation (δQ = Qi−Qj)
between nearest-neighbor sites. The CDW-energy gap is
regarded as a pseudogap (or pinned CDW gap) for this
system. Here δQ is called the electronic structure factor
in real-space. δQ=0 indicates that the electronic struc-
ture is metallic, while δQ 6=0 suggests that it is insulat-
ing. In addition, VCDW can also be expressed in terms of
band filling as follows: VCDW = −Ep(1 − ρ)
2 = −Epµ
2,
where µ = 1− ρ = nb/l (or nb = l−n), nb is the number
of bound charges bounded by VCDW .
18 As ρ increases,
µ decreases. This indicates that the pseudogap in the
CDW insulating phase decreases as the metallic phase
increases, because the pseudogap depends upon VCDW .
Conversely, the pseudogap, as observed by optical
methods,19−22 photoemission spectroscopy,23 and heat
capacity measurement24,25 for high-Tc superconductors,
necessarily occurs if the number of carriers is less than the
number of atoms. Therefore, the metallic system is in-
homogeneous and cannot be self-consistently represented
in k-space, i.e., U and the density of states of the system
are not given. Thus, in order to overcome this difficulty,
charges on atoms in the metal phase (region C) have to
be averaged over sites, as shown in Fig. 1 (c). The on-
site effective charge is Qi = Qj =< e >= (n/l)e = ρe,
on average over sites. The metallic system, then, is a
metal, because VCDW = 0 due to δQ=0. This system is
analogous to the case of one electron per atom, such as
Fig. 1 (a). Therefore, the effective Coulomb energy is
given by U = ρ2U ′, as shown in Fig. 1 (c).
To illustrate the physical meaning of P = (< e >
/e) = ρ < 1, then µ << 1, ρ = 1 − µ < 1. For the
CDW insulating side, µ << 1 indicates that there are a
few doubly occupied atoms such as in region D, while,
for the metallic side, ρ < 1 indicates that a number of
carriers exist. In other words, this suggests that region
C is extremely wide.
The insulating and metallic sides correspond to two
phases, which are attributed to the metal-insulator in-
stability(or instability of the CDW-potential energy)18
at ρ=1 (half filling). This indicates that metals with the
electronic structure of Fig. 1 (a) are not synthesized.
Junod et al.26 suggested that even the best samples are
not 100% superconducting, which supports the metal-
insulator instability18. Thus synthetic metals composed
of several atoms always have the electronic structure of
two phases such as Fig. 1 (b), which is a necessity of the
development of < e >= ρe.
To justify the fractional charge of carriers of the metal-
lic system with two phases, the concept of measurement
is necessary. In the case of measuring charge of carriers
in the metallic system of Fig. 1 (b), the measured charge
becomes the effective fractional one, < e >= ρe, with
the average meaning of the system because experimen-
tal data for the metallic system are expectation values of
statistical averages. In the case of not measuring charge,
the charge of carriers in region C in Fig. 1 (b) remains
the true elementary one not observed by means of mea-
surement.
Accordingly, for the metallic system of the n≤l case,
the effective fractional Coulomb energy, U = ρ2U ′, is
defined by using < e >= ρe and justified by means of
measurement.
Furthermore, U = ρ2U ′, deduced on the basis of the
CDW concept, can be applied to even cuprate systems
such as La1−xSrxCu2O4(LSCO). This is because the MIT
with x from the antiferromagnetic insulator, La2CuO4,
to a metal of LSCO is continuous although there is a
controversy as for the MIT.
III. CALCULATION OF THE EFFECTIVE MASS
For the metallic system regarded as a real synthetic
metal with an electronic structure such as Fig. 1 (b), the
effective mass of quasiparticles needs to be calculated.
Hamiltonians of the metallic system can be considered
as follows. Hamiltonian, H , is given by
H = H1 +H2, (1)
H1 =
∑
k
(a†k↑ak↑ + a
†
k↓ak↓)ǫk + U
∑
g
a†g↑a
†
g↓ag↓ag↑, (2)
H2 = −
∑
i,j
Ep(Qi −Qj)
2, (3)
where a†k↑ and a
†
g↑ are the creation operators for electrons
in the Bloch state k and the Wannier state g, respectively,
and ǫk is the kinetic energy when U=0. H1 and H2 are
Hamiltonians of the metallic region C and the CDW-
insulator regions B and D, respectively. In the case of
Fig. 1 (a) and (c), the Hamiltonian is reduced to H1
because H2 disappears due to δQ = 0, and the on-site
Coulomb energy is given by U = ρ2U ′. H1 is consistent
with the Hamiltonian used in the Gutzwiller variational
theory4.
In order to calculate the effective mass of quasiparti-
cles and the ground-state energy for a strongly correlated
metallic system, the Gutzwiller variational theory4,27−29
is used. H1 is supposed to describe the metallic system.
The wave function is written as
2
|Ψ〉 = ην¯ |Ψ0〉, (4)
where |Ψ0〉 is the wave function when U = 0, ν¯ is the
number of doubly occupied atoms, and 0 < η < 1 is
variation.4 The expectation value of H1 is regarded to be
〈H〉 =
〈Ψ|
∑
ij
∑
σ tija
†
iσajσ |Ψ〉+ 〈Ψ|U
∑
i ρi↑ρi↓|Ψ〉
〈Ψ|Ψ〉
. (5)
The second part of the equation is simply given by
〈Ψ|U
∑
i ρi↑ρi↓|Ψ〉=Uν¯ because |Ψ0〉 is an eigenstate of
the number operator
∑
i ρi↑ρi↓. The first part is dealt
with by assuming that the motion of the up-spin elec-
trons is essentially independent of the behavior of the
down-spin particles (and vice versa). By minimization
with respect to η, Gutzwiller obtained an extremely sim-
ple result for the ground-state energy, namely,
Eg/l = q↑(ν¯, ρi↑, ρi↓)ǫ¯↑ + q↓(ν¯, ρi↑, ρi↓)ǫ¯↓ + Uν¯. (6)
Here,
ǫ¯σ = l
−1〈Ψ|
∑
ij
tija
†
iσajσ |Ψ〉 = Σk<kF ǫk < 0 (7)
is the average energy of the σ spins without correlation
and ǫk is the kinetic energy in H1, with the zero of energy
chosen so that Σkǫk=0. ǫ¯↑ is equal to ǫ¯↓.
The discontinuities, qσ, in the single-particle occupa-
tion number at the Fermi surface are given by
qσ =
(√
(ρσ − ν¯)(1− ρσ − ρ−σ + ν¯) +
√
(ρ−σ − ν¯)ν¯
)2
ρσ(1− ρσ)
, (8)
where ρσ =
1
2ρ, 0 < ρ ≤1 and ρ↑ = ρ↓.
27,28 This, calcu-
lated by Ogawa et. al.27 who simplified the Gutzwiller
variational theory, is in the context of the Gutzwiller vari-
ational theory. Eq. (8) is a function of ρσ and ν¯ irrespec-
tive of the quantity of charges. This can be analyzed in
two cases of ρ=1 and 0 < ρ <1, because Gutzwiller did
not limit the number of electrons on an atom for the
metallic system.
In the case of ρ=1,
qσ = 8ν¯(1− 2ν¯). (9)
This was described in the BR picture.
In the case of 0 < ρ < 1, two kinds of qσ can be
considered. One is Eq. (8) when the electronic structure
is δQ 6=0, as shown in Fig. 1 (b). However, Eq. (8) can
not be applied to the metallic system, as mentioned in the
above section. The other is Eq. (9) when the electronic
structure is δQ=0, as shown in Fig. 1 (c). Eq. (9) is
obtained from substituting ρσ in Eq. (8) with ρ
′
σ. Here,
ρ′ = (n′/l) = 1 and ρ′σ =
1
2 , because the number of the
effective charges, n′, is equal to l. It should be noted that
the metallic system with less than one electron per atom,
as shown in Fig. 1 (c), is mathematically consistent with
that with one electron per atom, as shown in Fig. 1 (a).
Although the following calculations were performed by
Brinkman and Rice,3 the calculations are applied to the
effective mass. In the case of Fig. 1 (c), by applying Eq.
(9) to Eq. (6) and by minimizing it with respect to ν¯,
the number of the doubly occupied atoms is obtained as
ν¯ =
1
4
(1 +
U
8ǫ¯
) =
1
4
(1−
U
Uc
),
=
1
4
(1− κρ2), (10)
where Uc=8|ǫ¯| because of ǫ¯ = ǫ¯↑ + ǫ¯↓ <0, U = ρ
2U ′
and U ′ = κUc. 0 < κ≤1 is the correlation strength. By
applying Eq. (10) to Eq. (9) again, the effective mass is
given by
q−1σ =
m∗
m
=
1
1− ( U
Uc
)2
,
=
1
1− κ2ρ4
. (11)
Although the separate conditions are 0 < ρ≤1 and
0 < κ≤1, m∗ is defined under the combined condition
0 < κρ2 < 1 and is an average of the true effective mass
in the BR picture for metal phase (region C in Fig. 1
(b)). The effective mass increases as it approaches κ=1
and ρ=1. For κ 6=0 and ρ→0, the effective mass decreases
and, finally, the metallic system undergoes a normal (or
band-type) metal-insulator transition; this transition is
continus. The system at κρ2 = 1 can be regarded as the
insulating state which is the paramagnetic insulator be-
cause ν¯ = 0. At a κ value (not one), the MIT from a
metal at a ρ value of just below ρ=1 to the insulator at
both ρ=1 and κ=1 is the first-order transition on band
filling. This has been called the Mott transition by a
lot of scientists including author. However, this is theo-
retically not the Mott transition which is an first-order
transition from a value of U to Uc in a metal with the elec-
tronic structure of one electron per atom at ρ=1, as given
in the BR picture. The Mott transition does not occur
in real crystals because a perfect single-phase metal with
ρ=1 is not made. Conversely, by hole doping (or elec-
tron doping to a metallic system with hole carriers) of
a very low concentration, the first-order transition from
the insulator with ν¯=0 to a metal can be interpreted as
an abrupt breakdown of the balanced critical Coulomb
interaction, Uc, between electrons. Then, the Uc value in
the insulator reduces to a U value in a metal phase and
an insulating phase produces due to doping of opposite
charges, as shown in Fig. 1(d). This first-order tran-
sition with band filling is very important result found
in this picture, which differs from the continuous (Mott-
Hubbard or second-order) transition by a large U given
by the Hubbard theory.
In order to obtain the expectation value of the energy
in the (paramagnetic) ground state, Eqs. (10) and (11)
are applied to Eq. (6). Eg is given by
Eg/l = ǫ¯(1 − κρ
2)2. (12)
3
As U/Uc = κρ
2 approaches one, Eg goes to zero.
In addition, the spin susceptibility in the BR picture
is replaced by
χs =
m∗
m
µ2BN(0)
(1− 12N(0)κρ
2Uc
1+ 1
2
κρ2
(1+κρ2)2 )
, (13)
where N(0) is the density of states at the Fermi sur-
face and µB is the Bohr magneton. The susceptibility is
proportional to the effective mass which allows the en-
hancement of χs.
In the above picture, m∗, Eg/l and χs are the averages
of true effective values in region C in Fig. 1 (b) which
is described by the BR picture, and are justified only by
means of measurement. The true effective ones in the BR
picture are not measured experimentally, as mentioned
in an above section. In particular, the magnitude of the
true effective mass in the BR picture has the same value
regardless of the extent of region C, while the measured
effective mass depends upon the extent of region C.
IV. CONCLUSION
In order to evaluate true correlation strengths of
Sr1−xLaxTiO3 and YBCO, explanations not given in the
previous paper16 are appended. The experimental data
of the heat capacity of Sr1−xLaxTiO3 was well fitted by
Eq. (11) with κ=1 for all x below x = ρ=0.95. κ=1
indicates that the effective mass has a constant value
although ρ changes. The increase of x to x=0.95 corre-
sponds to the increase of region C. Because region C is de-
scribed by the BR picture, the true correlation strength,
κBR = U/Uc, of the BR picture can be found. When it
is assumed that the extent of the metal phase (region C)
at x=0.95 is closely the same as that at ρ=1, a value of
m∗/m = 1/(1 − ρ4) at x = ρ=0.95 and κ=1 is approxi-
mately equal to that of m∗/m = 1/(1− κ2BR) in the BR
picture. Then κBR = (0.95)
2=0.90 is obtained, which
indicates that La1−xSrxTiO3 is very strongly correlated.
Moreover, the decrease of the effective mass from x=0.95
to x=0 is the effect of measurement not the true effect.
In the case of YBCO6+ρ at ρ=0.96, as shown in Fig. 1
(c) and (d) of reference 16, the true correlation strength
is determined as κBR=0.92 by the same above method.
High-Tc superconductivity for YBCO is attributed to the
true effective mass caused by the large κBR value. The
heat capacity data measured by Loram et al.24 seems to
be explained by the above picture, too.
As another experimental result, the first-order transi-
tion at x=0.02 for h-BaNbxTi1−xO3 was observed, which
may also be in the context of the above picture.30 The
validity of the BR picture is indirectly proved through
the above picture. Furthermore, the combination of the
above picture and the BR picture3 is called the extended
BR picture defined in 0 < κρ2 < 1.
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B
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D
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l
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FIG. 1. (a) In the case of one electron per atom, the on-site
Coulomb repulsion is given by U = 〈 e
2
r
〉 = U ′. (b) In the
n < l case, the four possible electronic structures are region
A (insulator), region C (metal), and regions B and D (CDW
insulator). Here, n corresponds to the number of carriers in
region C. (c) The metallic structure in the case of less than
one electron per atom is shown. U = (n/l)2〈 e
2
r
〉 = ρ2U ′.
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